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Abstract
In this paper, we investigate the gravitational bending angle due to the Casimir wormholes, which
consider the Casimir energy as the source. Furthermore, some of these Casimir wormholes regard
Generalized Uncertainty Principle (GUP) corrections of Casimir energy. We use the Ishihara method
for the Jacobi metric, which allows us to study the bending angle of light and massive test particles for
finite distances. Beyond the uncorrected Casimir source, we consider many GUP corrections, namely:
the Kempf, Mangano and Mann (KMM) model, the Detournay, Gabriel and Spindel (DGS) model,
and the so-called type II model for the GUP principle. We also find the deflection angle of light and
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1 Introduction
General Relativity (GR) is the classical field theory that considers gravity as a deformation of spacetime
by matter and energy. This curved spacetime determines the particle trajectories [1–4]. The GR theory
predicted a (correct) deflection angle of light by the Sun twice larger than the Newtonian Gravity. It led
to the first of its experimental tests [5]. As proof of its predictive power, we can mention the detection
of gravitational waves in 2016 by the VIRGO and LIGO laboratories [6] and the first photo of a black
hole carried out by the EHT project in 2019 [7]. The presence of a distribution of matter and energy
leads to a modification of the bending of light when compared with the empty spacetime case. The
gravitational bending of light by a distribution of matter and energy is called Gravitational Lens (GL)
by an analogy with optics (see Refs. [8–10] and references therein). The study of GL is very important
because it is a way to investigate many subjects such as: cosmological parameters [11–13], the discovery
of exoplanets [14, 15], the investigation of massive compact halo objects (MACHOs) [16], and the use of
strong gravitational lensing to investigate extra dimensions and Kalb-Ramond field [17].
Wormholes are solutions to Einstein’s equations of General Relativity representing connections be-
tween two disjoint regions of spacetime [18]. The first solutions presented difficulties concerning their
traversing [19–23]. In the ’70s, H. G. Ellis and, independently, K. A. Bronikov found an original viable
traversable wormhole solution [24, 25], which was after generalized by M. Morris and K. Thorne [26],
with E. Teo finding its rotational counterpart [27]. In general, there is a need for forms of exotic matter
sourcing the wormhole, like the Casimir energy.
The Casimir effect, which involves negative energies of quantum fields in the vacuum under certain
boundary conditions ( [28], and references therein), has been recently examined in the context of worm-
holes [29–33]. Other authors analyzed the modeling of wormhole shapes itself from Casimir energy and
pressure – the so-called Casimir wormholes [34]. Regarding these objects, the spacetime is curved due to
sources of matter described by an energy-momentum tensor whose quantities are the ones that cause the
Casimir effect in Minkowsky spacetime but with spherical symmetry. It is worth mentioning the possible
contribution of this theme to the raising of new insights about the issue if the gravity effectively modi-
fies the vacuum energy (and, vice-versa, if this latter gravitates), at least in the weak-field regime, which
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presently is an object of discussion in the literature [35,36] and of proposes of observational investigations,
as in the Archimedes experiment [37].
Casimir wormholes, at very high energy scales, can suffer effects of quantum gravity, as analyzed
in [38,39] by considering Generalized Uncertainty Principle (GUP), which corrects the Heisenberg principle
near the Planck scale on introducing a minimal invariant length in nature ( [40], and references therein).
In the context of curved spaces, recent phenomenological bounds on parameters of GUP were extracted
from gravitational wave events [41].
The Gauss-Bonnet theorem connects differential geometry with topology [42, 43]. In 2008, Gibbons
and Werner used this theorem to propose a method to compute the deflection angle of light for a static
and spherically symmetric (SSS) spacetime [44]. In 2016, Ishihara et al. extended this approach to
consider finite distances between the system receiver-lens-source [45]. Finally, Ono et al. generalized the
Ishihara method to include stationary backgrounds [46–48]. Currently, various papers use the Gauss-
Bonnet theorem to investigate the deflection of light in black holes and wormholes [49–53]. Furthermore,
in Ref. [54], Gibbons shows that the massive particles free motion in static spacetimes is given by the
geodesics of an energy-dependent Riemannian metric on the spatial sections analogous to Jacobi metric in
classical dynamics. Crisnejo and Gallo were the first to study the deflection angle of massive particles in
a SSS background through Jacobi’s metric and the Gauss-Bonnet theorem [55]. Then, many works were
done using the Crisnejo and Gallo approach. For example, the studying of deflection of massive particles
by wormholes [56], the deflection of massive particles by Kerr black hole and Teo wormholes [57], the
investigation of rotating naked singularities from Kerr-like wormholes by their deflection angles of massive
particles [58], the studying of the circular orbit of a particle and the weak lensing effects [59], the deflection
of massive particles by SSS spacetime in bumblebee gravity [60] and by a Kerr-like black hole in bumblebee
gravity [61].
In this paper, we propose to apply the Ishihara method to compute the bending of massive particles
and light for the backgrounds of Refs. [34, 38]. The structure of the paper is as follows. In the section
2, we present the Casimir wormhole solutions. In the section 3, we present the Ishihara method for the
deflection of massive particles case. In the section 4, we use the Ishihara method to compute the deflection
of massive particles for the Casimir wormhole of Garattini [34], and the travesable wormholes corrected
by GUP [38,39]. Finally, in section 5, we summarize our main results.
2 Casimir wormholes with and without GUP corrections - Review
In this section, we present the line elements found by Refs [34] and [38]. We will analyze the deflection
angle of light considering finite distances for these solutions in the subsequent sections. Garattini was
the first to investigate if the Casimir energy could be the source of a traversable wormhole. He uses the
Moris-Thorne wormhole class [62] in his investigation. So the line element which represents a static and
spherically symmetric wormhole is
ds2 = −e2Φ(r)dt2 + 1
1− b(r)r
dr2 + r2(dθ2 + sin2 θdφ2), (1)
where Φ(r) and b(r) is the redshift function and the shape function, respectively. Furthermore, the range
of the radial coordinate r is [r0,∞), where r0 is the radii of wormhole throat. Using the equation of state
















+ r2(dθ2 + sin2 θdφ2), (2)
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[diag(−1,−ω, 1, 1) + (ωt(r)− 1)diag(0, 0, 1, 1)], (3)
where ωt(r) = −[ω2(4r−r0)+r0(4ω+1)](4(ωr+r0))−1. Note that the Casimir energy obeys the equation
of state P = 3ρ, then ω = 3 is a special value. Moreover, when ω = 1, the Garattini solution becomes the
Ellis-Bronnikov wormhole of Subplanckian size [63,64]. The traversable wormhole found by Garattini has
a Planckian size, so this wormhole is traversable but not in practice. For more details about this solution
see Ref. [34] and references therein. We also are interested in some wormhole solutions. These solutions
are due to GUP corrections of Casimir energy. In Ref. [38], Jusufi et al. use three GUP models: (1) the
Kempf, Mangano, and Mann (KMM) model, (2) the Detournay, Gabriel and Spindel (DGS) model, and
(3) the so-called type II model for GUP principle. The four solutions found by Jusifi et al. share the
same shape function



















where β is the minimum length parameter and Di can be D1, D2, or D3. These constants Di are related
to each GUP model. The first solution considers a constant redshift function Φ(r) = const, so the line
element is
ds2 = −dt2 + 1
1− b(r)r
dr2 + r2(dθ2 + sin2 θdφ2), (5)
where we use dt2 = exp (2Φ(r))dt′2 because Φ(r) = const. The second solution considers a redshift






dr2 + r2(dθ2 + sin2 θdφ2), (6)










dr2 + r2(dθ2 + sin2 θdφ2) (7)
where γ is some positive parameter and r ≥ r0. The ultimate solution considers a redshift function that
obeys exp(2Φ(r)) = (1 + βDi/r













dr2 + r2(dθ2 + sin2 θdφ2). (8)
In the next section, we are present the Ishihara method and its application for massive particles when
we consider the Jacobi metric. After we present that method, we will compute the deflection angle of
massive particles for these five backgrounds.
3 Gravitational bending angle of massive particles in a static and
spherically symmetric background - Review
In this section, we present the Ishihara method [45] for massive particles through the Jacobi metric [54].
This approach allows us to compute the deflection angle of massive particles considering the finite distances
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from the source and the receiver to the lens. We consider a static and spherically symmetric spacetime.
So, the ansatz for SSS line element is
ds2 = −A(r)dt2 +B(r)dr2 + r2(dθ2 + sin2 θdφ2). (9)
Note that all line elements of the previous section are SSS type. The Jacobi metric associated with the
line-element of equation (9) is










where we are considering the equatorial plane θ = π/2 [56]. The axial symmetry presents in the line-
element of equation (10) provides an angular momentum conserved






So, we can use equations (10) and (11) to find the trajectory equation of massive particles in SSS spacetime.














We want the deflection angle of massive particles as a function of some parameters of the system con-
stituted by receiver, lens, and source. These parameters are the velocity of test massive particle v, the
impact parameter of the trajectory b, the properties of background, and the inverse distances of receiver
and source to lens uR and uS , respectively. To this end, we represent the angular momentum and the
energy by J = mvb/
√
1− v2 and E = m/
√
1− v2, respectively [55]. Also, we make coordinate transfor-




















As well, we can use E = m/
√








































The Gauss-Bonnet theorem associates the geometrical characteristics of a surface with its topological
Euler characteristic. Let the domain (D,χ,g) be a subset of a compact, oriented surface, with Euler
4
characteristic χ and a Riemann metric g giving rise to a Gaussian curvature K. Moreover, let ∂D : {t} →
D be a piecewise smooth boundary with geodesic curvature κ, and θi the external angle at ith vertex,









θi = 2πχ(D). (17)
Figure 1: Schematic figure for the Gauss-Bonnet theorem.
For more details about the Gauss-Bonnet theorem and its applications see Refs. [42,43]. The Ishihara
method uses the Gauss-Bonnet theorem to compute the deflection angle of light. We may find the
deflection angle of massive particles when we use this method for the Jacobi metric. The Ishihara method
writes the gravitational bending angle as
α = ΨR −ΨS + φRS . (18)
Let us build the terms that constitute the deflection angle α. We can begin with the ΨR −ΨS term. Let
Ψ(u) the angle between the tangent to trajectory vector and the unit radial vector. When we compute


















If we use the fundamental relation of trigonometry, we avoid the rate dr/dφ, so equation (19) provides

















The ΨR −ΨS term can be computed with equation (21) given ΨR −ΨS = Ψ(uR) +Ψ(uS)− π. The φRS
is defined by φRS = φ(uR)− φ(uS), where φ(u) can be find using equation (13). It is important to note
that the deflection angle of massive particles becomes the deflection angle of light presented in Ref. [45]
when we consider the velocity of test particle v = 1.
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4 Gravitational bending angle of massive particles with correction of
finite distances
In the next subsections, we want to compute the deflection angle of massive particles for five traversable
wormhole line-elements. The first solution is a Casimir wormhole, and it was found by Garattini in
Ref. [34]. The other solutions are supported by the Casimir energy with GUP corrections [38].
4.1 Casimir wormhole
















+ r2(dθ2 + sin2 θdφ2), (22)
where the ω is defined by equation of state P = ωρ. We are interested in the weak deflection limit, so























where u = 1/r. First, we can find ΨR − ΨS by an expansion of equation (21) until first order of a/b,
where we get

















































where c1 ≡ 1− 1/ω and c2 ≡ (1/2)(1 − 1/ω)(1 − 2/ω). The another term which compond the deflection
angle of massive particles is φRS , we need calculate this term. Let’s begin finding u(φ) through the orbit


















































Now, we can calculate φ iteratively. By doing this, we find
φ =
{
φ0 + aφ1 + a
2φ2 + ..., if |φ| < π/2;
π + a
2(4f1+3f2)π



















(1 + v2 − b2u2v2)√
1− b2u2
.
Note that φR > π/2 and φS < π/2, so









































































[π − arcsin(buR)− arcsin(buS)] +O(a3/b3). (30)






















































The deflection angle of light can be obtained by using v = 1 in equation (31). It’s important to analyze
some regimes of the deflection angle of massive particles. The deflection angle of massive particles in the
































When the P = 3ρ (that is, ω = 3), the constants c1 = (1− 1/ω), c2 = (1/2)(1 − 1/ω)(1 − 2/ω), c3 = 1/ω
become 2/3, 1/9, 1/3, respectively. So, the deflection angle of massive particles with finite distances when






















































The second term of equation (36) disagrees of result obtained by Ref. [65], we belive that this disagreement
occur due to the Ref. [65] consider just the trajectory as u = 1b sinφ.
4.2 Model Φ = constant
The GUP wormhole solution with Φ = constant is
ds2 = −dt2 + 1













)dr2 + r2(dθ2 + sin2 θdφ2). (37)
We can evidence the quantities of interest for the application of the Ishihara method. When we compare






















































Note that the coefficient of 1/r term is the ADM mass present at equation (61) of the Ref. [38]. We can













where Di = {D1,D2,D3} is a set of numerical factors which depends of the GUP models and β is the
minimum length parameter [38]. Note that the χ/b4 is very lower than ǫ/b2 and M/b ( χ/b4 ≪ ǫ/b2 and
χ/b4 ≪ M/b). In this limit, the ADM mass becomes











Now, let us compute the deflection angle of massive particles present in equation (18). We can begin for
term ΨR −ΨS . As A(r) = 1 then the equation (21) becomes Ψ(u) = arcsin(bu). So, we get
ΨR −ΨS = arcsin(buR) + arcsin(buS)− π. (43)
To compute the φRS term, we are going to use the orbit equation for massive particles, equation (13).

























[−4φ cos φ+ sin(3φ)] +O(Mǫ,M2, ǫ2). (45)
Now, we also can calculate φ iteratively. This way, φ is given by
φ =
{
φ0 +Mφ1 + ǫφ2 + ..., if |φ| < π/2;
π + πǫ
4b2

















Note that φR > π/2 and φS < π/2, so
φRS = π +
πǫ
4b2






























The deflection angle of massive particles for this background can be found by using equations (43) and






























First, we can see that velocity v does not appear in equation (48). This is a consequence of A(r) = 1. In
this case, the deflection angle of massive particles equals the deflection angle of light. Second, we can find
the deflection angle of light in the case of the receiver and source are far way of the lens (buR ≈ buS ≪ 1),












where we use the definition ǫ ≡ π3/90 and the definition of M present in equation (41). The equation
(49) agrees with Ref. [38]. In the next subsections, we consider the three solutions with A(r) 6= 1.
4.3 Model Φ = r0
r


















)dr2 + r2(dθ2 + sin2 θdφ2) (50)
In this subsection, we use the same approach as the subsection above to find the deflection angle of
massive particles. We can begin by computing the ΨR − ΨS term of equation (18). We can do this by










We consider the weak deflection limit r0 ≪ b 6 r then we can write e−2r0/r ≈ 1 − 2r0/r, so making an
expansion we get







This way, the ΨR −ΨS term of equation (18) is
















As was done the previous subsection, we are going to compute the φRS term by using of the orbit equation

















where ǫ ≡ π3/90 and the definition of M present in equation (41). As well as in the above subsection, we












[−4φ cosφ+ sin(3φ)] +O
(
Mr0,Mǫ, r0ǫ,M




Now, we also can calculate φ iteratively. This way, φ is given by
φ =
{
φ0 +Mφ1,1 + r0φ1,2 + ǫφ2 + ..., if |φ| < π/2;
























As φR > π/2 and φS < π/2, we can find φRS . We obtain



















































The deflection angle of massive particles for this background can be found by using equations (53) and





































This result agrees as equation (48) when A(r) = 1 (when we do not consider the term r0/bv
2 in equation
(58)). The deflection angle of light can got by considering v = 1. In the case of the receiver and source

















where we use the definition ǫ ≡ π3/90 and the definition of M present in equation (41). Finally, for












This result agrees with Ref. [38] only for term −r0/b. The negative value of the results of equations (59)
and (60) refer to the moving away of the particles when deflected by the wormhole of equation (50). Of
course, the resulting negative value should be taken as an absolute value |α|.
4.4 Model e2Φ(r) = 1 + γ
2
r2
























)dr2 + r2(dθ2 + sin2 θdφ2). (61)
Now, let us compute the deflection angle of massive particles and light for the solution present in equation
(61). As was done in the subsections above, we can begin by computing the deflection angle of massive













We are interested in the weak deflection limit. Thus it is reasonable to consider γ2/r2 < γ2/b2 ≪ 1, so
making an expansion we get











Then, the term ΨR −ΨS becomes



















Now, we are going to compute the φRS term of equation (18). We can do this through the orbit equation,

















where we consider (1 + γ2u2)−1 ≈ 1 − γ2u2 because we are interested in the first-order of the bending




φ0 +Mφ1 + γ
2φ2,1 + ǫφ2,2 + ..., if |φ| < π/2;
π + ǫπ4b2 +
πγ2























As φS < π/2 and φR > π/2, we can write












































We can get the deflection angle of massive particles by using the equations (64) and (67) in (18). The

























































This result agrees to equation (48) when A(r) = 1 (when we consider γ2 = 0 in equation (61)). The
deflection angle of light can get by considering v = 1. In the case of the receiver and source are far way















where we used the definition ǫ ≡ π3/90 and the definition of M present in equation (41). The deflection
angle of light, in this case, can be found by using v = 1 in equation (69). The equation (69) agrees with
Ref. [38] only at two first terms when we consider v = 1. The γ2 term disagrees with the potency of γ
(in Ref. [38] this term is dimensionally wrong) and with the sign.
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4.5 Isotropic model with ωr(r) = constant
































)dr2 + r2(dθ2 + sin2 θdφ2) (70)
The computation of deflection angle of massive particles is very similar to the solution of the subsection
above, where
A−1 ≈ 1− γ2u2 (71)














So, in first-order, the deflection angle of massive particles is the same as equation (68) when
γ2 = − 2
1 + ω−1
βDi. (73)




























































The deflection angle of light can get by considering v = 1. The deflection angle of massive particles in
















The deflection angle of light (v = 1) when we consider the receiver and source very far away of the lens


















In this paper, we compute the deflection angle of massive particles and light by some Casimir wormholes.
We used Ishihara’s method because it provides a deflection angle that depends on distances from the source
to the lens and from this latter to the receiver. The application of this method for massive particles was
possible due to the use of Jacobi’s metric. We computed the deflection of massive particles and light for
five wormhole backgrounds. The first Casimir wormhole analyzed was built by Garattini [34], in which the
source for the traversable wormhole is the Casimir energy. The other wormholes consider the high energy
effects of GUP in this Casimir wormhole. These traversable wormholes with GUP corrections differ by the
redshift functions in the metric. We analyzed the deflection of massive particles and light for the redshift
functions Φ(r) = const, Φ(r) = r0/r, exp (2Φ(r)) = 1+γ
2/r2 and exp (2Φ(r)) = (1+βDi/r
2)−(2/(1+1/ω)).
For each wormhole background, we also investigate the deflection angle of massive particles and light
when both source and receiver are very far from the lens (buS ≈ buR ≪ 1).
We found the deflection angle of massive particles with finite distances for the Garattini background
for a constant ω in Eq. (31). We found the deflection angle of light when consider v = 1 in Eq. (31). When
both source and receiver are very far from the lens, the deflection angle of massive particles becomes Eq.
(32), and the deflection angle of light becomes Eq. (33). Moreover, we analyzed the special case ω = 3,
in which the deflection angle of massive particles with finite distances becomes Eq. (34). In addition to
it, when both source and receiver are very far from the lens, the deflection angles of massive particles and
light are given by Eq. (35) and Eq. (36), respectively.
We also found the deflection angle of massive particles with finite distances for the traversable worm-
holes corrected by GUP. We investigated the background with Φ(r) = const, namely, of zero tidal worm-
holes, with the corresponding deflection angle of massive particles being given in Eq. (48). The deflection
angle of light is the same as Eq. (48) because when A(r) = constant in equation SSS, the deflection of
massive particles equals the deflection of light. In the limit case of both source and receiver are very far
from the lens (buS ≈ buR ≪ 1), the deflection angles of massive particles and light become given by Eq.
(49).
We investigated the background with Φ(r) = r0/r, the deflection angle of massive particles for this
background was presented by Eq. (58). We found the deflection angle of light when considering v = 1 in
Eq. (58). In the limit case of both source and receiver are very far from the lens (buS ≈ buR ≪ 1), the
deflection angle of massive particles and light becomes Eq. (59) and Eq. (60), respectively.
The wormhole backgrounds defined by exp (2Φ(r)) = 1+γ2/r2 and exp (2Φ(r)) = (1+βDi/r
2)−(2/(1+1/ω))
have similar procedures to compute the deflection angle of massive particles in first order. First, we found
the deflection of massive particles with finite distances by exp (2Φ(r)) = 1 + γ2/r2 background in Eq.
(68), the deflection angle of light can be computed by using v = 1 in Eq. (68). Moreover, we found the
deflection of massive particles for this background in case both source and receiver are very far from the
lens in Eqs. (69) and the deflection of light can be computed by using v = 1 in Eq. (69).
Finally, we investigated the deflection of massive particles for exp (2Φ(r)) = (1 + βDi/r
2)−(2/(1+1/ω))
background. The deflection angle of massive particles with finite distances was presented in Eq. (74). We
found the deflection angle of light consider v = 1 in Eq. (74). We also consider the limit of both source
and receiver are very far from the lens. In this limit case, the deflection angle of massive particles and
light becomes Eq. (75) and (76).
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nológico (CNPq) and Fundaçao Cearense de Apoio ao Desenvolvimento Cient́ıfico e Tecnológico (FUN-
CAP) through PRONEM PNE0112- 00085.01.00/16.
16
References
[1] Weinberg S., Gravitation and cosmology,67 Wiley, New York,1972
[2] Landau L. D. and Lifshitz E. M., The classical theory of fields,2 Butterworth Heinemann,1980
[3] Padmanabhan T., Gravitation Cambridge University Press,2010
[4] Misner C. W., Thorne K. S. and Wheeler J. A., Gravitation W. H. Freeman, San Francisco,1973
[5] F. W. Dyson, A. S. Eddington and C. Davidson, Phil. Trans. Roy. Soc. Lond. A 220, 291-333 (1920)
doi:10.1098/rsta.1920.0009
[6] B. P. Abbott et al. [LIGO Scientific and Virgo], Phys. Rev. Lett. 116, no.6, 061102 (2016)
doi:10.1103/PhysRevLett.116.061102 [arXiv:1602.03837 [gr-qc]].
[7] K. Akiyama et al. [Event Horizon Telescope], Astrophys. J. Lett. 875, L1 (2019) doi:10.3847/2041-
8213/ab0ec7 [arXiv:1906.11238 [astro-ph.GA]].
[8] Schneider P., Ehlers J. and Falco E. E., Gravitational Lenses Springer,1992
[9] J. Wambsganss, Living Rev. Rel. 1, 12 (1998) doi:10.12942/lrr-1998-12 [arXiv:astro-ph/9812021
[astro-ph]].
[10] M. Bartelmann, Class. Quant. Grav. 27, 233001 (2010) doi:10.1088/0264-9381/27/23/233001
[arXiv:1010.3829 [astro-ph.CO]].
[11] N. Inada et al. [SDSS], Astron. J. 143, 119 (2012) doi:10.1088/0004-6256/143/5/119 [arXiv:1203.1087
[astro-ph.CO]].
[12] S. H. Suyu, M. W. Auger, S. Hilbert, P. J. Marshall, M. Tewes, T. Treu, C. D. Fassnacht,
L. V. E. Koopmans, D. Sluse and R. D. Blandford, et al. Astrophys. J. 766, 70 (2013)
doi:10.1088/0004-637X/766/2/70 [arXiv:1208.6010 [astro-ph.CO]].
[13] T. E. Collett and M. W. Auger, Mon. Not. Roy. Astron. Soc. 443, no.2, 969-976 (2014)
doi:10.1093/mnras/stu1190 [arXiv:1403.5278 [astro-ph.CO]].
[14] J. P. Beaulieu et al. [MOA], Nature 439, 437-440 (2006) doi:10.1038/nature04441
[arXiv:astro-ph/0601563 [astro-ph]].
[15] B. S. Gaudi, D. P. Bennett, A. Udalski, A. Gould, G. W. Christie, D. Maoz, S. Dong, J. McCormick,
M. K. Szymanski and P. J. Tristram, et al. Science 319, 927 (2008) doi:10.1126/science.1151947
[arXiv:0802.1920 [astro-ph]].
[16] C. Alcock et al. [MACHO], Astrophys. J. 542, 281-307 (2000) doi:10.1086/309512
[arXiv:astro-ph/0001272 [astro-ph]].
[17] S. Chakraborty and S. SenGupta, JCAP 07, 045 (2017) doi:10.1088/1475-7516/2017/07/045
[arXiv:1611.06936 [gr-qc]].
[18] Visser, M. Lorentzian Wormholes: From Einstein to Hawking. American Institute of Physics, New
York, (1996).
17
[19] Einstein, A.; and Rosen, N. The particle problem in the general theory of relativity. Phys. Rev. 48,
73 (1935).
[20] Misner, C. W.; and Wheeler, J. A. Classical physics as geometry: gravitation, electromagnetism,
unquantized charge, and mass as properties of curved empty space. Ann. Phys. 2, 525 (1957).
[21] Hawking, S, W.; and Ellis, G. F. R. The Large Scale Structure of Space- Time. Cambridge University
Press, Cambridge, (1973).
[22] Misner, C. W.; Thorne, K. S.; and Wheeler, J. A. Gravitation. W. H. Freeman and Company, San
Francisco, (1973).
[23] Waldo, R. M. General Relativity. University of Chicago Press, Chicago, (1984).
[24] H. G. Ellis, J.Mat.Phys. 14, 104 (1973).
[25] K. A. Bronikov, Acta Phys.Pol. B4, 251 (1973).
[26] Morris, M. S.; and Thorne, K. S. Wormholes in spacetime and their use for interstellar travel: A tool
for teaching general relativity. Am. J. Phys. 56, 395 (1988).
[27] E. Teo, Phys. Rev D58, 024014 (1998).
[28] M. Bordag, G. L. Klimchitskaya, U. Mohideen, amd V. M. Mostepanenko, Advances in the Casimir
Effect, Oxford Science Publications, Oxford (2015).
[29] Khabibullin, A. R.; Khusnutdinov, N. R.; and Sushkov, S. V. The Casimir effect in a wormhole
spacetime. Class. Quant. Grav. 23, 627 (2006).
[30] Butcher, L. M. Casimir energy of a long wormhole throat, Phys. Rev. D 90, 024019 (2014).
[31] Sorge, F. Casimir effect around an Ellis wormhole. Int. J. Mod. Phys. D 29, (2019).
[32] V. B. Bezerra, C. R. Muniz, and J. M. Toledo, Casimir Effect in spacetimes of Rotating Wormholes,
Eur. Phys. J. C, DOI: 10.1140/epjc/s10052-021-09000-3.
[33] A. C. L. Santos, C. R. Muniz, and L. T. Oliveira, Casimir effect in a Schwarzschild-like wormhole
spacetime, Int. J. Mod. Phys. D, DOI: 10.1142/S0218271821500322.
[34] R. Garattini, Eur. Phys. J. C 79, no.11, 951 (2019) doi:10.1140/epjc/s10052-019-7468-y
[arXiv:1907.03623 [gr-qc]].
[35] Sorge, F., Quasi-local Casimir energy and vacuum buoyancy in a weak gravitational field, Class.
Quantum Grav. 38 025009 (2020).
[36] Lima, A.P.C.M., Alencar, G., Muniz, C.R., and Landim, R.R., Null second order corrections to
Casimir energy in weak gravitational field, JCAP 2019, 11 (2019).
[37] Calloni, E. et al., The Archimedes experiment, Nucl. Inst. Meth. Phys. Res., sec. A, 824, 646 (2016).
[38] K. Jusufi, P. Channuie and M. Jamil, Eur. Phys. J. C 80, no.2, 127 (2020) doi:10.1140/epjc/s10052-
020-7690-7 [arXiv:2002.01341 [gr-qc]].
18
[39] S. K. Tripathy, Phys.Dark Univ., 31, 100757 (2021) doi:10.1016/j.dark.2020.100757
[arXiv:2004.14801v2 [gr-qc]].
[40] A. N. Tawfik and A. M. Diab, Rep. Prog. Phys. 78, 126001 (2015).
[41] A. Das, S. Das, N. R. Mansour, and E. C. Vagenas, arxiv: 2101.03746v2 [gr-qc].
[42] Do Carmo M. P., Differential geometry of curves and surfaces, Dover Publications, 2016.
[43] Klingenberg W., A Course in Differential Geometry, Springer-Verlag, New York, 1978.
[44] G. W. Gibbons and M. C. Werner, Class. Quant. Grav. 25, 235009 (2008) doi:10.1088/0264-
9381/25/23/235009 [arXiv:0807.0854 [gr-qc]].
[45] A. Ishihara, Y. Suzuki, T. Ono, T. Kitamura and H. Asada, Phys. Rev. D 94, no.8, 084015 (2016)
doi:10.1103/PhysRevD.94.084015 [arXiv:1604.08308 [gr-qc]].
[46] T. Ono, A. Ishihara and H. Asada, Phys. Rev. D 96, no.10, 104037 (2017)
doi:10.1103/PhysRevD.96.104037 [arXiv:1704.05615 [gr-qc]].
[47] T. Ono, A. Ishihara and H. Asada, Phys. Rev. D 98, no.4, 044047 (2018)
doi:10.1103/PhysRevD.98.044047 [arXiv:1806.05360 [gr-qc]].
[48] T. Ono, A. Ishihara and H. Asada, Phys. Rev. D 99, no.12, 124030 (2019)
doi:10.1103/PhysRevD.99.124030 [arXiv:1811.01739 [gr-qc]].
[49] M. C. Werner, Gen. Rel. Grav. 44, 3047-3057 (2012) doi:10.1007/s10714-012-1458-9 [arXiv:1205.3876
[gr-qc]].
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